Abstract. We investigate the phenomenon of multilayer formation via layer-by-layer deposition of alternating charge polyelectrolytes. Using mean-field theory, we find that a strong short-range attraction between the two types of polymer chains is essential for the formation of multilayers. The dependence of the required short-range attraction on the polymer charge fraction and salt concentration is calculated. For weak short-range attraction between any two adjacent layers, the adsorbed amount (per added layer) decays as the distance from the surface increases, until the chains stop adsorbing altogether. For strong short-range attraction, the adsorbed amount per layer increases after an initial decrease, and finally it stabilizes in the form of a polyelectrolyte multilayer that can be repeated many times.
Introduction
The study of polyelectrolyte (PE) chains interacting with charged surfaces has generated a great deal of attention in recent years. This interest arises, in part, because of the numerous biological and industrial applications. The adsorption and depletion of polyelectrolytes on charged surfaces have been extensively studied using analytical [1, 2, 3, 4, 5, 6] and numerical [7, 8, 9, 10, 11] solutions of the nonlinear mean-field equations, scaling considerations [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] , multi-Stern layers of discrete lattice models [18, 19, 20, 21] and computer simulations [22, 23, 24, 25] .
In recent years, formation of polyelectrolyte multilayers have been investigated experimentally [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45] . These multilayers are composed of alternating positively and negatively charged PEs and are constructed via a layer-bylayer adsorption of polyelectrolyte chains, shown schematically in Fig. 1 . The first stage is to dip a charged surface into a solution of oppositely charged polyelectrolytes and salt. After the polyelectrolyte chains adsorb on the charged surface, the surface is taken out of the solution and washed in a clear water solution. The washed surface and adsorbed layer are then placed in a solution of another polyelectrolyte, of an opposite charge to the first PE chain (see Fig. 1 ), and then washed again. This process can be repeated for several hundred times and results a e-mail: shafira@post.tau.ac.il b e-mail: andelman@post.tau.ac.il A schematic illustration of the layer-by-layer PE deposition process. The charged surface is first dipped into a solution of oppositely charged PE chains (marked 'A'). After the chains adsorb onto the charged surface, the surface is removed and dipped into a clear water solution, removing any extra non-adsorbed chains (marked 'wash'). The surface is then dipped into another solution of PEs, carrying a charge opposite to the previously adsorbed PE chains ('B'), and washed again ('wash'). The process of dipping and washing: 'A', wash, 'B', wash, 'A', wash,... can then be repeated for several hundred layers.
in a PE multilayer build-up [32] . More recent studies have shown that these multilayers have interesting and potentially useful application both for planar geometry, as well as for adsorption onto spherical particles and creation of multilayered and hollow spherical capsules. Theoretical models for multilayer formation have also been considered in recent years [6, 11, 46, 47, 48, 49] . In previous studies [6, 46] , it was suggested that the inversion of the surface charge by polyelectrolyte adsorption occurs under the following conditions: (i) sufficiently large salt concentration; (ii) theta solvent conditions; and, (iii) weak short-range interactions between the surface and the PE chains. The charge inversion, together with complexation of polyanions and polycations have been used to model the multilayer formation.
In a previous publication [11] , we reached different conclusions by solving numerically the relevant mean-field equations for the PE adsorption. We found that surface charge inversion will not occur under a broad range of system parameters. More specifically, it was shown that full charge inversion occurs only for strong enough shortrange surface-PE interactions. Related results have been reported in a separate study [49] , where the full charge inversion was found to occur only for strongly hydrophobic PE-backbone. Namely, PE chains in very poor solvent conditions. The strong hydrophobicity in the bulk creates an effective attraction to the surface, replacing the bare surface-PE short-range attraction.
In the present work, we study the formation of alternating charged PE multilayers as a function of polyelectrolyte charge, added salt and short-range interaction between the PE chains. We find that strong short-range (non-electrostatic in origin) interactions are necessary for the formation of such multilayers, and that the adsorbed charge of the alternating layers is not necessarily equal, or even close to, the initial surface charge. Our analysis shows that the adsorbed amount (per added layer) in the initially adsorbed layers always decreases. If the short-range interactions between the PE chains are too small to attract another PE layer, the multilayer formation will stop after a small number of layers. However, if the short-ranged attraction between the alternating PE layers is significant, the adsorbed amount (per added layer) starts to increase back, and then saturates and forms a stable multilayer. We also show how the multilayer formation depends on the solution salinity and PE charge fraction.
In the next section, Sec. 2, we present the mean field equations for multilayer formation and the numerical method used to solve them. Then, the numerical results for multilayer formation follow in Sec. 3, and we end with some conclusions and suggestions for future research in Sec. 4.
The Mean Field Equations
Consider an aqueous solution in contact with a bulk reservoir of salt ions, and a dilute bulk concentration of polyelectrolyte chains. The solution is in contact with an infinite and planar surface. The surface is oppositely charged and attracts the PE chains. The mean-field equations for this system were formulated in Refs. [7, 8, 9, 10] , and are repeated here.
φ 2 is the local monomer concentration, x the distance from the charged surface, ζ = eψ/k B T the renormalized (dimensionless) electrostatic potential, a the monomer size, and f the charge fraction of the PE monomers. The DebyeHückel length κ −1 ≡ (8πl B c salt ) −1/2 is the screening length for electrostatic interactions in presence of salt ions, and l B ≡ e 2 /εk B T is the Bjerrum length, which is approximately 7Å for water with ε = 80 and at room temperature.
Equation (1) is the Poisson-Boltzmann equation, where the salt ions obey the Boltzmann distribution and together with the monomer charges they act as charge sources for the electrostatic potential. Equation (2) is the Edwards equation for the monomer order parameter φ, where the chains are subject to an external potential composed of an electrostatic potential and an excluded volume interaction between the monomers. Note that in Eq. (2) we included both the second virial term modeled by v and the third virial one modeled by ω 2 . In most previous studies the third virial term has been omitted, because of the dominance of the electrostatic interactions and the second virial term. In the case of multilayer formation, however, the third virial term becomes significant, as is explained in the next section. Finally, we note that Eqs. (1) and (2) are written for vanishingly small bulk concentration of monomers, and under the assumption that the ground state dominance approximation holds.
In order to model the build-up of multilayers, we note that the experimental multilayer build-up is done via a layer-by-layer adsorption of cationic and anionic PE chains, as is illustrated in Fig. 1 . The charged surface is placed in an oppositely charged PE solution, allowing the chains to adsorb on it. The coated charged surface is then removed from the solution and placed in a clear water solution for washing. During this washing procedure, some of the adsorbed chains wash away into the pure water solution. The surface is then removed from the clear water and placed in another PE solution, where the chains have opposite charges to the previously adsorbed PE chains. The process is repeated for many times and the resulting multilayer consists of hundreds of alternating PE layers. During the adsorption of each layer, the chains from previously adsorbed layers are believed not to dissolve back into the solution, and, therefore, the electrostatic as well as short-range interactions with the PE chains of the previous layer have to be taken into account in the mean field formalism. Note that the layer-by-layer build-up is not a thermodynamically equilibrium process. Any modeling of this phenomenon should take into account these specific stages.
The short-range interactions between the anionic and cationic PEs include several types of interactions. The repulsive short-range interactions include excluded volume interactions, while a short-range attractive interaction (beside the electrostatic attraction) arises from polyelectrolyte complexation. We do not offer in the present work a detailed account for the complexation origin. We rather assume its existence and investigate under which conditions it will lead to multilayer formation. A schematic We assume that the electrostatic attraction allows the two PE chains to interpenetrate, forming a sort of knotted structure. This knot is long-lived and creates an effective short-range attraction between the oppositely charged chains. It is modeled by the parameter χ.
representation of the complexation is presented in Fig. 2 , where the entanglement of two oppositely charged polymers is shown. The electrostatic attraction between the two oppositely charged PE chains allows them to interpenetrate. This entanglement slows down the PE chains dissolution back into the solution, and creates an effective short-range attraction. This interaction has really a nonequilibrium origin, but for dense layers, it should last long enough to allow for the multilayer formation. The electrostatic interaction between the PE chains is taken into account by adding the charges carried by the PE chains in the adsorbed layers to the Poisson-Boltzmann, Eq. (1). The short-range interactions between the cationic and anionic PE chains are taken into account very simply using an interaction parameter χ = v in Eq. (2) . Hereafter, we assume that the charged fraction f of monomers for the negatively and positively charged PE chains is the same. As the PE adsorption is done layer by layer, the equations governing the adsorption of the ith layer are:
where ζ(x) is the electrostatic potential, and φ 2 i and f z i denote the monomer concentration and monomer valency of the ith layer, respectively. The two above equations are solved iteratively for the ith layer concentration φ i , while assuming that monomer concentrations from all previously adsorbed layers, i − 1, i − 2, . . . , 1 are fixed and known from previous iterations. These short-range interactions are contained in the two sums appearing in the right hand side of Eqs. (3) and (4), S s and S o . The sum
is the monomer concentration at the point x, summed over all similarly charged layers: j = i, i − 2, . . . , which repel the monomers of the ith layer. Similarly, the other sum
is summed over all oppositely charged layer having an attractive short-range interaction with the newly adsorbing PEs. It should be noted that S s and S o are both functions of the layer number i, but the subscript i is omitted for simplicity. In the following, we consider only monovalent PEs and set the odd layers as negatively charged, z 2i+1 = −1, whereas the even ones as positively charged, z 2i = 1.
As mentioned above, during the adsorption of the jth layer, all φ i<j are considered as frozen, since we assume that the previous layers do not dissolve back into the solution or change their spatial conformation. In experiments we expect the polymer concentration to decrease, especially during the washing step. But due to the long relaxation times, we believe that this simplifying assumption is a good starting point for the modeling.
The solution of the pair of 2nd order differential equations, Eqs. (3) and (4), requires four boundary conditions. Two of them are for the bulk where we choose φ i (x → ∞) = 0, corresponding to a negligible amount of PE in the bulk solution (dilute solution), and zero value for the electrostatic potential, ζ(x → ∞) = 0. At the solid surface, x = 0, we use the electrostatic boundary condition dζ/dx| x=0 = −4πl B σ, where σ is the surface charge density. For the first PE layer that adsorbs directly onto the solid surface (i = 1), we impose the Cahn-de Gennes attractive boundary condition [6, 50] 
For all subsequent layers, i ≥ 2, we expect the PE chains to partially penetrate into the previous layer because of the complexation. In order to avoid the possibility of fully interpenetrated layers, we introduce a hard wall for each layer at an arbitrary location x * i Otherwise, the cationic and anionic polyelectrolytes would form a neutral complex, which will not be able to form a stable PE multilayer. Because it is known from experiments that the adsorbing PE chains of any specific layer do not fully mix with the previous layers we introduce the concept of the hard wall. Its justification needs further studies. The partial penetration is modeled by an (artificial) infinite repulsive wall residing inside the previous layer. Namely, for the ith deposited layer, there is a hard wall x * i inside the i − 1 layer so that no monomers from the ith layer can reach -the hard wall condition for the interpenetration of the next (fifth) layer. This electrostatic potential was taken from the numerical profiles such as in Fig. 4 . All parameter values are specified in Fig. 4 .
the region x < x * i . In order to simplify notation, the layer index i is dropped from the hard wall notation, x * . The adsorption of every layer brings about a reversing of the overall charge of the surface-PE-small ion complex. When the adsorbed amount of ions and PE chains exactly balances the total charge of the surface and previous adsorbed layers, the electrostatic field perpendicular to the surface is exactly zero (Gauss law). The point where the electric field is zero is taken somewhat arbitrarily to be equal to x * , the hard wall of the adsorbing PE layer. As an example, the location of x * is depicted in Fig. 3 . The somewhat arbitrary choice of x * can be justified in the following manner. The driving force for the adsorbing PEs to penetrate the preceding layer is the electrostatic attraction between oppositely charges PE chains. This electrostatic attraction is driven by an attractive electric field for x > x * . For x < x * , the electrostatic field repels the adsorbing PE, and no significant complexation in that region is expected. Since we assume that the short-range attraction is a result of non-equilibrium entanglements between electrostatically attracted PE chains, we do not take x * to be dependent on χ.
The numerical procedure used to solved Eqs. (1) and (2), as applied to a single adsorbing PE layer, is based on the relaxation method [51] , and was presented in detail in a previous publication [10] . Here, we use the same procedure for the layer-by-layer build-up. After obtaining the solution for the first PE layer concentration, φ 2 1 (x), and its resulting potential, ζ(x), the layer monomer concentration profile φ 2 1 (x) is frozen and added as a charge density to the right-hand-side of Eqs. (3, 4) . These equations are now solved for the second layer using the hard wall x * and the two virial coefficient, v and χ. The procedure is then repeated iteratively for all following layers in order to obtain a multilayer stack.
Results and Discussion
Our results show a strong dependence of the multilayer formation on the value of the short-range attraction coefficient χ in the case of a weakly good solvent, modeled via the 2 nd virial coefficient v = 0.05a 3 where a is the monomer size. For low amounts of added salt c salt = 0.1M, the formation of multilayers requires very large χ/a 3 ∼ 3 values, while for higher amounts of salt c salt = 1M the required χ values drop to more realistic values of χ/a 3 ∼ 0.4 − 1. For all salt concentrations, low χ values cause the adsorbed amount of monomers in each layer to decay strongly with the layer number, so that very few layers are formed. For high χ values, the amount of adsorbed monomers decreases for the initial layers and then increases back. The adsorbed amount is found to stabilize because of the higher terms in the excluded volume interaction, namely, the third virial term. The threshold χ value is shown to depend on the amount of salt in the solution as well as the initial surface charge and the monomer charged fraction.
The numerical solution of Eqs. (3) and (4) yields the formation of multilayers, as presented in Fig. 4 , under the proper choice of parameters. As can be seen from the figure, the multilayer can be divided into three spatial regions. In the proximity region, containing the first few layers, the adsorbed amount decreases substantially. In the intermediate region (layers 6-10), the monomer concentration increases rapidly to much higher values. In the distal region, (under some conditions discussed below) the adsorbed amount stabilizes, and the multilayer continues. The adsorbed layers are shown to be very wide (of the order of tens of nanometers) and highly concentrated. The interpenetration between the layers looks to be quite significant. This strong interpenetration is the driving force of the multilayer formation, since it allows for a strong interlayer short-range attraction. Without it no significant overcharging is achieved. The overall charge of each adsorbed layer is much higher than the initial surface charge, showing that there is no exact charge reversal in PE adsorption. This multilayer formation is characteristic of high χ values.
In the opposite limit when the χ value is too low, no stable multilayer stack is formed because the complexation between the layers is not strong enough. This case is shown in Fig. 5 , which is obtained for similar parameters as Fig. 4 except for a lower short-range interaction coefficient χ. The figure shows that the adsorbed amount in each subsequential layer decays rapidly, until an additional layer can not be adsorbed, and the formation of a stable multilayer stack is not possible. Fig. 4 , with χ = 0.39a 3 . For this low χ, the decrease in the non-electrostatic interaction between the PE chains causes the adsorbed layers to decay rapidly after four layers, and no stable multilayer stack is formed.
The spatial regions in Figs. 4 and 5 can be explained by the following argument. In the proximity region, close to the surface, the adsorbed layers have high monomer concentration and small width. This small width does not allow for significant complexation between the adjacent layers. Therefore, it causes the short-range attraction between the already adsorbed layers and the adsorbing PE chains of the following layer to be low. This, in turn, causes a decrease in the monomer concentration of the following layer, accompanied by an increase in the layer width.
For low χ values, the monomer concentrations in the last adsorbed layers of the first region are insufficient to cause the adsorbed amount to increase back. The adsorbed amount keeps decaying until an additional layer can not be adsorbed, and there is no multilayer formation. This situation is shown in Fig. 5 . In the opposite case of large enough values of χ (depicted in Fig. 4) , the increase of the layer width causes the adsorbing polymers to interact with more than one adsorbed layer. The complexation between adjacent layers becomes stronger, allowing the monomer concentration in the adsorbing layer to increase beyond that of previous layers. This behavior is characteristic to the intermediate region in the layer formation, which is a layer growth region. We model the stronger complexation by an increase in the non-electrostatic interaction between the adsorbed layers j χ dx φ 2 i φ 2 i−2j , which gives rise to the multilayer creation. The threshold value of χ for multilayer formation is further below.
Within our model the formation of a stable multilayered stack requires a third order virial term. Only when a strong enough third-virial coefficient, of order ω 2 ∼ 0.5a 6 , is added to the short range interaction term, the multilayer concentration stabilizes at high, but still physical, values. When the third virial coefficient is too low, the adsorbed layer concentration does not saturate, and rather reaches unrealistic high values. Our calculations also show that an increase in the second virial coefficient is not enough to stabilize the multilayers. It just drives up the threshold value of χ. The spatial region where the adsorbed amount stabilizes is the multilayer distal region, and it can be continued for as many as 80 layers (in our calculations) without any noticeable decay in the adsorbed amount.
Quite recently, we have become aware of a different mechanism for multilayer formation suggested by Q. Wang [52] . This involved multilayer formation for the case of very poor solvent conditions. For this case multilayer formation can be achieved even if the polyanion and polycation chains repel each other, because the bad solvent conditions increases the effective attraction of the PE chains to the surface. In Wang's model, the poor solvent replaces the attractive interaction between the cationic and anionic chains in our model, with an effective attractive interaction between similar PE chains, decreasing the interpenetration between layers. This mechanism is very different from ours, because we consider an opposite limit of a marginally good solvent, but with a short range polyanionpolycation attraction. We believe that both mechanisms can form PE multilayers. Future research is needed to de- termine which of the two mechanisms better describe the experimental results.
We end this section by showing three further results. In Fig. 6 we show the overall thickness of the adsorbed layers as a function of layer number. This is an integration of the layer profiles plotted in Fig. 4 . The adsorbed layer width increases weakly for the first few layers (proximity and intermediate regions), and then increases almost linearly with the layer number (distal region) for the entire 50 layers. The linear increase shows that the multilayers are indeed stable and continue to very high layer numbers.
In Fig. 7 we present the threshold strength of χ that is needed to form multilayers as a function of the added salt amount. As can be seen from this graph, an increase in the amount of added salt causes the necessary χ to decrease strongly for low salt concentrations. For higher salt concentrations the χ value is almost constant. This result is explained by the increase in both the adsorbed amount and layer width of adsorbed PEs when salt is added into the solution [11] . This increase in turn causes an increase in the attractive short-range potential. It leads to a lower χ value that is necessary to obtain multilayer formation. The dependence of χ on c salt , χ ∼ c α salt fits roughly a power law of α ≃ −0.8, as can be seen in the inset of Fig. 7 . However, this empirical scaling is valid only for small enough salt concentration.
The dependence of the threshold χ value on the monomer charged fraction f is presented in Fig. 8 . An increase in f causes an increase in the monomer-monomer repulsion between the adsorbing PE chains, and an increase in the electrostatic attraction of the adsorbing PE chains to the already adsorbed oppositely charged layer. The χ threshold increases with the increase of f . This shows that the main effect of increasing f is to decrease the adsorption, meaning that main drive of the multilayer formation is not the charge reversal caused by the adsorbing polymer layers. The main driving force of the multilayer formation is, therefore, the complexation between the two kinds of PE chains, which is incorporated into the model by the parameter χ. Here, too, the numerical results do not imply any simple scaling relation between f and χ (see inset of Fig. 8 ).
Conclusions
We present a model aiming to explain PE multilayer formation for marginally good solvents. The model is based on strong enough short-range interactions between the polyanion and polycation. This strong short-range interaction is shown to be indispensable for our modeling of such stable multilayers. We show that the multilayers form easily in high ionic strength conditions, and that their formation does not rely exclusively on the electrostatic attraction to the previously layers. We also calculate what is the threshold strength of the short-range interactions needed for the formation of multilayers as a function of the salinity as well as monomer charge fraction.
The main deficiency in our model is that the obtained multilayers are quite thick and interpenetrating. This does not seem to agree with present experimental findings. However, we believe that this simple model gives good insight on the problem of multilayer formation, and it can serve as a starting point for more refined models. One possible extension of this work will be to use a more specific model for the short-range interactions between the PE chains, which may give a better description to the multilayer formation.
